We construct (q, t)-Catalan polynomials and q-Fuss-Catalan polynomials for any irreducible complex reflection group W . The two main ingredients in this construction are Rouquier's formulation of shift functors for the rational Cherednik algebras of W , and Opdam's analysis of permutations of the irreducible representations of W arising from the Knizhnik-Zamolodchikov connection.
Introduction.

Complex reflection groups.
Let V be a complex vector space of dimension n. A pseudo-reflection is a non-trivial element r of GL(V ) that acts trivially on a hyperplane, called the reflecting hyperplane of r. Let W be a finite subgroup of GL(V ) generated by pseudo-reflections. The pair (V, W ) is call a complex reflection group and V is called the reflection representation of W . We assume that V is irreducible as a representation of W .
1.2.
Denote by A the set of reflecting hyperplanes of (V, W ) and set N := |A|. Similarly, denote by R the set of pseudo-reflections of (V, W ) and set N * := |R|. (1 − r) , a central element of C[W ]. For any U ∈Irrep(W ), we set c U to be the integer by which z acts on U . We define the generalized Coxeter number h to be the integer c V . An elementary calculation shows that h = N + N * n . (1) are the homogeneous embedding degrees of U in P coW . These may be recorded in the fake degree of U
Let z = r∈R
Set d i = e i (V ) + 1 for i = 1,... ,n: these are the degrees of a minimal set of homogeneous elements generating P W .
1.5.
There is a permutation Ψ ∈ Perm(Irrep(W )) such that the fake degrees have a palindromic property
For complex reflection groups this was first observed by Malle, [9, Section 6B], and then explained in a case-free manner by Opdam, [12, Proposition 7.4 ].
1.6. q-Fuss-Catalan numbers. For any positive integer i, set [i] q := 1 + q + ··· + q i−1 . For a non-negative integer m, we define the mth q-Fuss-Catalan number of (V, W ) to be C (m)
In the following theorem we assume a standard hypothesis about Hecke algebras. This hypothesis has not yet been proved in full generality-see Section 2.4 for details.
THEOREM. Assume Hypothesis 2.4 holds. The rational function C
. Two reasons for this are:
(1) C (m) W (q) is the Hilbert series of (P/(Θ)) W where Θ is a homogeneous system of parameters of degree mh + 1 carrying the W -representation Ψ m (V * );
(
is the graded character of the finite dimensional irreducible representation eL m+1/h (triv) of the spherical rational Cherednik algebra U m+1/h (W ). W (q) in the second part of the theorem allows us to define a (q, t)-Catalan number for all W as follows. The rational Cherednik algebra representation L 1+1/h (triv) contains a unique copy of ∧ n V * ∈ Irrep(W ): using this element to generate L 1+1/h (triv) one can then construct a filtration whose associated graded module is a quotient of the diagonal coinvariant ring and carries the (q, t)-Catalan number by definition. By [6, Theorem 5.11] this agrees with the definition of Garsia-Haiman in the symmetric group case, but is in general different from the conjectural construction in [15] , even upon specializing q = 1 = t. 
Combining this with the duality encoded in (2) one shows by induction on m that there exists a permutation ρ ∈ S n such that for all i
is a positive rational number for any t ∈ Z; by the theorem it is also an algebraic integer. Hence C (m) W (ζ t ) is a positive integer for all m and all t, and therefore a candidate for a cyclic sieving phenomena.
1.9. Well-generated case. The pair (V, W ) is well-generated if W can be generated by n pseudo-reflections. It is observed in [13, Section 5] that in this case h = d n . It can be shown using (2) and [13, Proposition 5.2 ] that e i (V ) + e n−i (V * ) = h = e i (Ψ m (V * ) * ) + e n−i (V * ), so that in this case the formula for the q-Fuss-Catalan number simplifies,
This is the standard definition of q-Fuss-Catalan numbers for well-generated groups which is used throughout the literature. 
Galois twists.
We prove an analogue of the theorem above for rational Cherednik algebras at any parameter p/h where p is a positive integer coprime to h. The formulation of this theorem uses certain twists of V by Galois automorphisms of C, as well as the permutation Ψ of Irrep(W ). See Theorem 2.11 for the precise statement.
1.12.
In particular, for well-generated groups the graded character of
where g is an automorphism of C which maps e 2π √ −1/h to e 2π √ −1p/h . This generalizes the formula for the symmetric group S n
Moreover, if p = mh − 1 then (4) confirms [2, Conjecture 4.3(ii)] on "positive" q-Fuss-Catalan numbers for those W for which Hypothesis 2.4 holds.
This formula and its analog for the poorly-generated groups can be deduced from Theorem 2.11, (11), and 2.18.
Layout of the paper.
We give the proof of Theorem 1.6 and its Galois twist version in the next section, together with details for the others results mentioned here. Our key tools are the equivalences of highest weight categories discovered by Rouquier in [14] and Opdam's study of the monodromy of the Knizhnik-Zamalodchikov connection in [12] . In the third section we give data for exponents of Ψ m (V * ) * in the case where (V, W ) is not well-generated, thus giving explicit formulae for the associated q-Fuss-Catalan numbers. These data were gathered with the help of the Chevie program in GAP. of the AIM square-Susanna Fishel, Ian Grojnowski, Mark Haiman and Monica Vazarani-for a great deal of insight around this topic. We thank Maria Chlouveraki for many enlightening and patient explanations of cyclotomic Hecke algebras and GAP, and also Pavel Etingof, Jürgen Müller and Vic Reiner for helpful input.
Proofs.
Rational Cherednik algebras. Let
] be the ring of formal power series in the indeterminate k and Q = C((k)). For any C-vector space M , we write M R for the extension R ⊗ C M . Let S be the ring Sym(V ) of symmetric functions on V . Let k be a rational number which we will call the parameter.
The rational Cherednik algebra H
Here and throughout we will drop as many parts of the notation as we can: for instance we will write H R if both k and the pair (V, W ) are clear from the context. We write
It is a highest weight category, [14, Definition 4.11] , with standard objects
R,k denote the full subcategory of O R,k whose objects admit a filtration by standard objects.
There are analogous definitions for O C,k and O Q,k , and base-change functors from O k to both categories.
Hecke algebras and the KZ functor. For each hyperplane
where T H is a set of generators for B W running over a minimal set of reflecting hyperplanes.
Hypothesis. The algebra H R,k is free over R of rank |W |. This is currently known to hold for all real W , all W in the infinite family G(r, p, n), and most of the exceptional groups; see [10] for a recent report. Our results are all contingent upon this hypothesis. 2.6. Equivalences. Let g ∈ Aut(C/Q) and let k and k be parameters such that g(e 2πik ) = e 2πik .
Following [4, Section 5] there is an exact functor
Then g extends to an automorphism of R which fixes k, and the isomorphism γ :
denote the category whose objects and morphisms are the same as those for O R,k as sets, but such that the R-linear structure on morphisms is twisted by g.
2.7.
The following theorem is at the heart of our work.
THEOREM. [14, Theorems 4 .49 and 5.5] Keep the above notation and assume that KZ R,k and KZ R,k are both 1-faithful.
The equivalence of categories in this theorem can be specialized to produce an equivalence O C,k → O g C,k with the same properties as above.
Local data.
By construction, the permutation φ g k,k preserves the dimension of a representation U ∈ Irrep(W ). It is an important result of Opdam that φ g k,k also respects the local data of U , that is the set of integers {n U H,j } defined by
To be explicit, [ It follows then from the definition in (8) that n φ g k,k (U ) H,j = n g U H,j where g U is the representation of W obtained by applying g to the entries in a matrix representation of U .
There are two useful consequences. First, φ g k,k (triv) = triv for any automorphism g. Second, recall the element z ∈ Z[W ] introduced in 1.3. It may be written as z = N + N * − H∈A w∈W H w and from this it follows that c U = N + N * − (dim U ) −1 H∈A e H n U H,0 . Since twisting by g does not change the dimension of the trivial eigenspace, we have n
2.9.
We can now check the hypothesis of the above theorem in the case we will require. COROLLARY. Let g be an automorphism of R as in 2. 6 
Proof. Observe first that KZ R,rk is 1-faithful by (7) since KZ R,k is 1-faithful. By (7) both e 2πik and e 2πirk are roots of unity of the same order, so
The corollary follows from the statement following Theorem 2.7. 2.11. We now prove our main result, answering a question of the second author, [7, Section 8] , and giving a general and case-free construction of the Koszul resolutions produced in [1, 5, 7, 16] .
THEOREM. Let r be a positive integer coprime to h and suppose g ∈ Aut(C/Q) sends e −2πi/h to e −2πir/h . Then there is an exact
The rank one case is easy and left to the reader; we assume that the rank is at least two. In case k = −1/h we have by Lemma 2.10 an exact sequence
We wish to apply Corollary 2.9 to this resolution, so we need to know that for all complex reflection groups of rank at least 2 we have inequalities e −2πi/h = ζ j H for all hyperplanes H and 1 ≤ j ≤ e H − 1. To see this, observe first that nh = H∈A e H . Since W is acting irreducibly on V there are at least n summands on the right hand side accounted for by a W -orbit of hyperplanes H maximizing e H . Thus h ≥ e H for all H. If we suppose that h = e H for some H, then we must have A = W · H and N = n. Choosing linear forms defining the hyperplanes gives a basis of V * , and restricting any invariant polynomial to these hyperplanes shows that the degrees, d i , of all the homogeneous generators of P W have degree divisible by e H . By Molien's theorem, however, d i = N * + n = ne H and so d i = e H for each i. This implies that W is a product of n cyclic groups, but since there was assumed to be only one orbit of hyperplanes, we deduce that n = 1. Thus, since we assume the rank is greater than 1, we have h > e H for all H and that implies the required inequalities.
Applying the equivalence of Corollary 2.9 to (9) produces an exact sequence
By [4, Corollary 4 .14] L − r h (φ g k,k (triv)) is finite dimensional and by 2.8 φ g k,k (triv) = triv. It follows that the image of the generating weight space
triv) ∼ = P is the linear span of a regular sequence Θ. Thus (10) is just a Koszul resolution when restricted to P W and it follows that the generating weight spaces φ g k,
completes the proof of the theorem.
2.12.
We apply this theorem first to the case r = mh + 1 for some positive integer m. In this case we may take g to be the identity. It is not true, however, that φ id k,k is the trivial permutation of Irrep(W )! This is a consequence of the fact that the KZ functor varies in the parameter k rather than in its exponential e 2πik : this phenomenon has been studied and applied by Opdam [11, 12] .
, so that in this case Ψ is the permutation on Irrep(W ) induced by the equivalence KZ −1
for general m. It follows from [12, Proposition 7.4 ] that Ψ satisfies (2). (1) is now a straightforward application of the standard invariant theory arguments in [2, Proposition 4.2] . To apply these we need to know the degree of the image of the generating set
Proof of Theorem 1.6. Part
It now follows from [2, (4. 3)] that the graded W -character of (P/(Θ)) W is given by the formula for C (m) W (q) given in 1.6. (Although the formula in [2] is stated only for Galois conjugates σ V of V , this hypothesis is used to know that (P ⊗ ∧ • ( σ V )) is free over P W ; but by [13, 
Part (2) follows since for any pair of dual bases
acts as a grading operator where non-zero elements of V * ⊂ P have degree 1, see for instance [4, Section 3.1].
(q, t)-Catalan numbers.
To deduce the existence of (q, t)-Catalan numbers as in 1.7 we need to show that ∧ n V * appears with multiplicity one in
. Now a reflection s H acts on ∧ top U by the scalar ζ − j n U H,j H , so it follows from 2.8 that ∧ n V * ∼ = ∧ n Ψ(V * ). The multiplicity one result is [7, Theorem 3.2] if we show that e i (Ψ(V * )) + d n−i = h + 1 for all i. But this is an immediate consequence of (2).
2.15.
We also remark that the above observation produces a W -stable quotient of the diagonal coinvariant ring Sym(V ⊕ V * ) coW with pleasant properties, see [7, Theorem 3.2].
Calculating
] be the ring of Laurent polynomials in the variable v and let K = C(v). We may define a Hecke algebra H E as a quotient of E[B W ] by the relations (6), where we replace e 2πi(k+k) by v for some positive integer . By [12, Theorem 6.7] , for large enough depending on W , K is a splitting field for H E . (In fact by [9, Corollary 4.8] we may take to be number of roots of unity belonging to the field of definition of the W -representation V .) Fix such an and let χ U be the character of KZ K,k (Δ K,k (U )), so that χ U (b) ∈ K for all b ∈ B W . By definition we then have
This may be rewritten as
where η = e −2πik / g e 2πik/ is an th root of unity and g acts on χ U (b) ∈ K fixing v. This last formula gives an effective method for calculating φ g k,k in examples.
2.17.
We can now also illustrate Theorem 2.11 by applying it in the case k = − 1 h and r = mh − 1 with g being complex conjugation. In this situation we have η = e 2πim/ , so it follows from (11) that φ g
. Considerations similar to the proof of Theorem 1.6 then show that in this case (P/(Θ)) W has Hilbert series
2.18. Well-generated case. With the exception of confirming Hypothesis 2.4, our arguments so far have been entirely case-free. Arguing case-by-case, however, [9, Corollary 4.9] shows that C(v ) is a splitting field for the reflection representation of H E and its dual precisely when (V, W ) is well-generated. It follows that χ V * (b) is a function in v and so (11) 
Remarks on several parameters.
In general rational Cherednik algebras depend on parameters {k H,j : H ∈ A/W, 0 ≤ j ≤ e H − 1}; we have considered only the case where k H,0 = k and k H,j = 0 for j = 0. Nevertheless, the techniques we use here to analyze the equivalences of [14] extend to the general case.
Explicitly, there is a permutation φ g (k H,j ),(k H,j ) ∈ Perm(Irrep(W )) attached to a potential shift from O C,(k H,j ) to O C,(k H,j ) and to apply [14, Theorems 4.49 and 5.5] to deduce an equivalence, one must check the condition U < ( In particular, if (k H,j ) is obtained from (k H,j ) by the addition of integers then we may take g = id and we see that we can apply [14, Theorem 5.5] as stated; more generally, in [14, Proposition 5.14] we should use the formalism here.
